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Saalschutzians and Racah Coeflicients
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The set I and set 1T of three and four ,F;(1)s for the Racah coefficient are shown
to be related through the property of reversal of series of the generalized
Saalschutzian hypergeometric function.

Recently there has been considerable interest in the connection between
angular momentum coupling coefficients (Raynal, 1978; Srinivasa Rao,
1978)/recoupling coefficients (Srinivasa Rao, Santhanam and Venkatesh,
1975; Srinivasa Rao and Venkatesh, 1975: Raynal, 1979; Wilson, 1980;
Biedenharn and Louck, 1981a) and generalized hypergeometric functions
of unit argument. In this note, we show that the set I of three ,F,(1)s for
the 6 —j coefficient (Srinivasa Rao, Santhanam, and Venkatesh, 1975) are
related to the set II of four ,F;(1)s for the 6 —j coefficient (Srinivasa Rao
and Venkatesh, 1977) through the property of “reversal of series” of the
generalized Saalschutzian ,F;(1)s. The conventional expansion for the
Racah coefficient (see, for instance, Biedenharn and Louck, 1981) is given
by

b
{Z ;} ___(_1)a+b+c+dw(abcd; ef)
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where the range of p is
P.=P=P,,,
with P, = max(a,, as, as, a4), Py =min(B;, B, B3),
a;=a+b+e, a,=c+d+e, azy=a-+tc+f, a;=b+d+f
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N = A(abe); A(cde); Alacf); A(bdf)
Bi=a+b+c+d, B.=atd+e+, Bi=b+cte+f
and
AXYZ)=[(X+Y -2 X - Y+~ X+Y+Z)/(X+Y+Z+1)]"

We have shown (Srinivasa Rao, Santhanam, and Venkatesh, 1975) that
(1) can be rewritten in terms of a set of three Saalschutzian ,F;(1)s of unit
argument, as

a b e +1. -1
{d . f}:(—1)E NI(1-E)I'(1-A,1-B,1-C, 1~ D, F, G)]
x,F,(ABCD; EFG; 1) (2)
where
(X, Y,Z. )=T(X)-T(Y)-T'(2Z)...,

A=e—a—b, B=e¢e—c—d, C=f-c—a, D=f-d-b )
3
E=—a—b—c—d—1, F=e+f—-a—-d+1, G=e+f—-b—c+1

and the set of three ,F;(1)s is obtained by superposing the permutations
of the columns of {42} on the given ,Fs(1) in (3). Superposing the
interchange of any two elements in a row of {42 7+ with the corresponding
elements in the other row only results in a permutation of the numerator
and denominator parameters among themselves, in a given ,F3(1) belonging
to this set.

By adopting a similar procedure we (Srinivasa Rao and Venkatesh,
1976) obtained an equivalent set II of four ,F;(1)s for (1) as

a b .
{ e} = (-1)"NT(A)[T(1-B,1-C",1- D', E', F', G')]™*
d ¢ f

X,F5(A'B'C'D'; E'F'G’; 1) (4)
where
A=a+c+f+2, B'=c—d-—e C'=a-b—e D’=f-—b—d(5)
E'=a+c-b—-d+1, F=q+f-d—e+1, G=ctf-b—-e+1
and the set of four ,F;(1)s is spanned by superposing the interchange of
any two elements in a row of {3 » 7} with the corresponding elements in the
other row, on the given ,F3(1) in (5). Superposing the permutations of the
columns of {§°% 5} on a given ,F;(1) belonging to this set results only in a
permutation of the numerator and denominator parameters among them-
selves.
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Since more than one numerator parameter in the set I and set II of
+F5(1)s is a negative integer, we can generalize the property of “reversal of
the series” given by Bailey (1935) for the case of a ;F,(1), to the case of a
Saalschutzian-4F5(1) to obtain

JF(ABCD; EFG:1)=(-1)°’T(1-A,1-B,1-C,F,G,D—-E+1)
x[[(D-A+1,D-B+1,D-C+1,F—-D,

G-D,1-E)]"
X,FH(D—E+1,D-F+1,D-G+1, D;
D—-A+1,D-B+1,D-C+1;1) (6)

where D is the negative parameter which determines the number of terms
in the series.

Substituting the right-hand side of (6) for the ,F5(1) which occurs in
equation (3), after some simple algebraic manipulations we get

{Z b ;} = (-)*NT(A)[(F, G, E’,1-C,1-B,1-D"]"
c

X, Fs(A'C'B'D'; F'G'E'; 1) (5"

which is nothing but the ,F;(1) belonging to set II given in (5) except for
a trivial permutation among the numerator and denominator parameters.

Thus, we find that the set I and set IT of ,F;(1)s for the Racah coefficient
are not independent but are related to one another by the property of
reversal of series. It is intriguing to note that owing to this reversal of series
property the set I of three ,F;(1)s yields the set II of four ,F;(1)s and
vice-versa.
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